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Abstract 

Equivalence is established between a special class of Painleve VI equations parametrized 
by a conformal dimension /i, time dependent Euler top equations, isomonodromic de- 
►^ ' formations and three-dimensional Frobenius manifolds. The isomodromic tau func- 

QQ I tion and solutions of the Euler top equations are explicitly constructed in terms of 

CO ' Wronskian solutions of the 2-vector 1-constrained symplectic Kadomtsev-Petviashvili 

^^ I (CKP) hierarchy by means of Grassmannian formulation. These Wronskian solutions 

^^ ' give rational solutions of the Painleve VI equation ior fi — 1,2, .. .. 

1 Isomondromic deformation problem, Painleve VI equa- 
tion and the Euler top equations 

Ft, 

^ I Consider a Fuchsian system of linear differential equation with rational coefficients: 

X 

H: ^x{a,z)= -^^^X{a,z), ^ X{a, z) = ^^X{a,z) . (1.1) 



i=l - ■^* ^"i 



The three-dimensional Schlesinger equations 



3 



oui '-^ , tti — a,- oaj Oj — a-i 

emerge as compatibility equations of the system (|1.1() and describe monodromy preserving 
deformations for the linear differential equations in the complex plane. 

Let us fix ai = 0, 02 = 1 and a^ = x and work with 2x2 matrices Aq,Ai,Ax. The 
Schlesinger equations reduce to: 

io = — [Ao,A^], Ai = - [Ai,A^], A^ = -[Ao,A^]-- [Ai,A^], 

X 1 — X X 1 — X 
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where A = dA/dx. The matrix A^ can be ehminated by setting Ax = —Aq — Ai — Ao^, 
where ^oo = — Si=i ^« is an integral of the Schlesinger equations (|1.2|) . 

We will now follow JHl ; ^Z| ) ^Bj ■, see also [23 and describe a connection to the Painleve 
VI equation. 

Let ±^0/2, ±^i/2, =b0a;/2, ±^00/2 be eigenvalues of Aq,Ai,Ax and A^o and so 

tr{Al) = \el tr{Al) = \9l tr(^2) ^ 1^2^ tr(AL) = ^^L- 
We parametrize the traceless matrices Aq,Ai as in \^, ^7j, ^H], [211 : 

A. = \{^,:\, ^^(^^-^^)), ^ = 0,1. (1.3) 

2 V(o'i + Zi)/ui -Zi ) 

Following ^S], ^7], ^S], 121] we replace uq and u\ by two new variables k and y: 

A; = 2;no(zo -6*0) - (1 -2;)'Ui(zi - 6*1), ky = xu^izf^ - Q^) (1.4) 

as a result the above isomonodromic deformation problem leads to the Painleve VI equa- 
tion : 

1/1 1 1 \ .2 /I 1 1 

y = o - + — 7 + ]y -[- + — 7 + 



+ 



2 Vy y~i y — xj \x x — i y — x 
y{y- ^){y-x) 



x'^{x — 1)^ 



X X — 1 x{x — 1) 

y2 (y-l)2 (y-x)2 



(1.5) 



characterized by the parameters (a, /?, 7, 5) 



(l-gpo)' /3 = -^ 7=^ 5 = i^ 

2 ' ^ 2' ^ 2' 2 ■ 

We will at this point reduce a number parameters from four to two by setting p = 9q = 
61 = Ox and V = Ooo- These constants p and v parametrize (a,/5, 7,^) as follows 

In this formulation it convenient to define 

^? = -(^+tAA^Ax)\=-^-'^-\vzQ, (1.7) 



2 - ^ -' J 4 4 2 

' 2 \ 2 2 1 

'^l = -(^ + tr(^o^i)) =-^ + ^ + -i^(zo + zi), (1. 



2 ^ - -' J 4 4 2 

'^i = -(^ + tr(AoA.))=-^-^-i^zi. (1.9) 

The functions Wj, i = 1, 2, 3 defined in ()1.7I1.9() satisfy 



_ 3/>2 V 
which defines the scaling dimension p. 



1=1 
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One can also prove like in ^31 that Wj, i = 1,2, 3, satisfy the time dependent Euler top 
equations: 

duJi _ UJ2^3 duJ2 _ UJ1UJ3 duJ3 _ UJ1UJ2 (^ ^^\ 

dx a; ' dx x{x — 1) ' dx 1 — x 

Next, introduce 

C = x{l-y)zo + {l-x)yzi,. (1.12) 

for which we have two equations |ltjj . J17j . |18j . j24j : 

C = -x{l-x)y + {l-e^)y{l-y), (1.13) 

no /■ 1 ^ A 2 , 2 2 P [y ~ X) ~ C ,2 2 ^i i/i\ 

x[\-x)y{\-y) 
From which we can determine ijj\ in terms of y and y as 



J\ 



p^{y-xf -(^ 



4x(l -x)y{l -y) ' 

From equations H1.12[) . p.l3|) and H1.14() we can express zq or zi in terms of y and y. This 
procedure yields: 

2 _ p^ + v"^ p'^ -iy^{l- x)y 1/2 y(^y _ 1) 
4 4 y — X 2 y — X 

A A+A^ 

y-x x{y-l){y -x)' 

x(l -x)y{y - 1) 



wl 



p2 + Z/2 p2 — 1/2 X(l — y) 1/2 y(y _ 1) 

4 4 y — a; 2 y — X 

A A.A^ 



y-x {l-x)y{y -x)'' 



(1.17) 



where 



^ = ^[yxix-l)-y{y-l)], (1.18) 

-4± = -yx{x - 1) - -{I - eoo)y{y - I) ± -p{y - x) 

= A+^i^yiy-l)±^piy-x). (1.19) 

There are two natural ways to further reduce the system to a one parameter system 
characterized by a conformal scaling dimension p only. 

1) Set p"^ = u^. Thus, from (fTTni) p"^ = u^ = p'^ with (c.f. [HimilTK]') 

using that u = ±p. For instance, for v = 1/2 we get {a,P,^,6) = (1/8,-1/8,1/8,3/8), 
while for v = -1/2 we get (a,/3,7,5) = (9/8,-1/8,1/8,3/8). In this case Wi,i = 1,2,3 
are defined through (|1.7() - (|1.9() : 

Li^ 1 1 /i^ 1 

'^i = -Y-2^^o, cj| = -i/(zo + zi), '^i = - Y - 2^^^!' (^-21) 
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which now yields : 



-? 



2 

U>2 



w| 



2 V y- ^ 



y-x x{y-l)(y-x 



-A. A. 



1 



x{l - x)y{y- 1) 
■2 / y{l-y) 



A^A^, 



/^ 



1 



y-x 



A 



1 



y-x (l-x)y{y-x) 



A~A. 



(1.22) 
(1.23) 
(1.24) 



where A is as in (|1.18jl and 



A± = -yx{x - 1) - -(1 - v)y{y - 1) ± -/i(y -x) = A+ -vy{y - 1) ± -/x(y - x), (1.25) 

with 1/ = ib^. 

For V = 1/2 (and /i^ = 1/4) expressions (|1.15I1.17|) agree with results of ^. 
From equations (|1.12|) and H1.14() we find for p^ = z^^ = /i^: 

^?UJlx{l - x)y{l -y)- fi\y - xf/A + [x(l - y){u;l + mV2) + (1 - x)y{u;l + fi^l)] ' = 0, 

(1.26) 
which yields a solution of the Painleve VI equation of the form : 



y{x) = X 



±(x — 1) fJ.UJiUJ2UJ3 + XUJ1UJ2 + ^il^3 

{x — l)^u; 2UJ^ + x'^ujfu; 2 + ujfujl 



2) In the second case we set p = and therefore from H1.1U|) 



(1.27) 



(2/i)2 with (c.f. 



El ESI) the result that 



„=(1^. , = „, , = „. s = l 



and (see (|l.Vll.9l) ) 



cof 



-fj.^ - -vzo, ujI = +fi^ + -u{zo + zi), ujI = -^? - -VZu 



(1.28) 



(1.29) 



which now yields 



-? 



wf 



ul 



(y-i)(y-a:) 



y{y- 1) 

x{l — x) 

y{y-x) 

{l-x) 



A 



A V 

(y-l)(y-x) + 2 
n2 



From (|1.14|) we find for /> = 



a;| 



V 

y(y-i)^2 
y(y - a:) 2 



C^ 



4a;(l -x)y(l - y) 
which together with definition (|1.12|) of C and (|1.H()|) and (|1.32|) yields equation 

4^2^ix(l - x)y(\ - y) + [x(l - y)(u:\ + i?) + (1 - x)y{ul + i?)\ ' = 0. 



(1.30) 
(1.31) 
(1.32) 



:i.33) 
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As a general solution of (ll.HI-Sj) one obtains expressions 



y{x) = X ''^'^''^^ ^ ^^^^^ ^ ^^^^^ ^ ^^^^^ ■ (1.34) 

(u;| + n"^ + x{ui^ + //2))2 + Axu'^ajf 



As an example we consider the case of fi = ±1 with 



^^(1-^) V-b{b-l) Vb^x 
wi = 7 , UJ2 = 7 , ^3 = —r , (1-35) 

— X — X — X 

which satisfy the Euler top equations ()1.1H) and X]«=i ^1 ~ ~^^ hence n^ = 1. As one of 
two solutions to equation (|1.33|) we obtain 

, ^ ih — \)x , , 

which satisfies the Painleve VI equation (|1.5|) with 

(a, /3, 7, 5) = ((1 - 2^)2/2, 0, 0, 1/2) = (1/2, 0, 0, 1/2) , 

corresponding to /u = 1. Note, that introducing a = (6 — l)/6, a 7^ we can rewrite (|1.36() 

as 

ax 
y[x) 



l-{l-a)x' 

which appeared in j25j as a one parameter family of rational solutions to Painleve VI 
equation with fj. = 1. 

As a second solution to equation ()1.33p we obtain for ()1.35|) 

, , x(5-l)(-6 + x2)2 

y{x) :-- 



{-b + x) (x^ -4?jx3 + 6 6x2 - 46x + 62)' 
which satisfies the Painleve VI equation ()1.5|) with 

(a, (3, 7, 6) = ((1 - 2^)2/2, 0, 0, 1/2) = (9/2, 0, 0, 1/2) . 
corresponding to ^ = — 1. 



There is only one solution of equation (|1.26j) : 

x^ - 6 



y{x) 



2(-6 + x)' 
which yields a solution of the Painleve VI equation (|1.5|) with 

(a, /3, 7, 6) = ((1 ± fif/2, -^V2, /iV2, (1 - ;u')/2) = (2, -1/2, 1/2, 0) . 

2 The Darboux-EgorofF equations 

The connection between the Painleve VI equation and three-dimensional Probenius man- 
ifolds is established through the Darboux-Egoroff equations for the rotation coefficients 

Pij ^ Pji- 

d 

^ — Pij=PikPkj, distmct «,j, fc, (2.1) 

OUk 
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k=l '^ 



In addition to these equations one also assumes the conformal condition: 

d 

duk 



" d 

Y.Uk^r-Pij = -Pij. (2.3) 



fc=i 



The Darboux-Egoroff equations (|2.1j) - (|2.2|) appear as compatibihty equations of a hnear 
system : 



d^ij{u,z) 



du 



k 



(3ik{u)^kj{u,z) ij^k, (2.4) 



-^ = .*«(«,.). (2.5) 

fc=l " 

Define the nx n matrices ^ = i^ij)i<i,j<n, B = {(iij)i<ij<n and Vi = [B ^ En], where 
{Eij)ke = SikSji. Then the hnear system (|2.4() - H2.5|) acquires the fohowing form : 

dHu,z) ^ ^zEu + Vi{u))^u,z), i = l,...,n, (2.6) 



fc=i 
The conformal case n = 3 is very special. In that case 

/ /3i2 /?i3\ Ai \ / UJ3 -u;2\ 

V=[B,U] = [lp2i /323 , U2 ] = -c^3 c^i (2.8) 

\/33i /332 / V ns/ V a;2 -c^i / 

satisfies 

|^ = [v:,-.n (2.9) 

Note, that Tr(y^) is an integration constant of equations 1)2. 9() . as it follows easily that 
dTt{V^)/duj =0 for all J. 

For three-dimensional Frobenius manifolds, these equations exhibit isomonodromic 
dependence on canonical coordinates u and reduce to the class of the Painleve VI equation 
((T3|l with {a,l3g,6) parameters as in (fOU)) or (fT^ . 

For vectorfields / = X]j=i d/duj and E = J2j=i Ujd/duj it follows from (|2.9|) that 
I{V) = 0, E{V) = and accordingly 1/ is a function of one variable x such that /(x) = 
0, E{x) = 0. We choose 

x = ^^^^^. (2.10) 

Us -Ui 

Note that tiiV) = and det(y) = and V has eigenvalues /x, 0, — /x where // defines 
the integration constant Tr(y^) of 12. 91 through : 

Tr(y2) = -2 (w? + wl + wi) = 2^? . 

Then Wj, i = 1, 2, 3 satisfy the Euler top equations (|l.lljl as a result of (|2.9|) . 
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Note that V{x), V{ui,U2,U3), i.e. V as function of x, respectively the Uj's, are con- 
nected as follows 

V{X) = V{0,X,1), V{UI,U2,U3) = V(^^^^^ 

\U3 -Ml 

Since 

a;i(-ui,U2,U3) = (ua - ■U2)/332('"i,'U2,n3), 

a;2(-Ui,U2,U3) = (ni - U3)Pi3{ui,U2,U3), 
UJ3{ui,U2,U3) = {U2 -Ui)l3i2{ui,U2,U3). 

We find that 

UJi{x) = {1- x) 1323(0, X, I), Ll!2{x) = -Pl3{0,X,l), UJ3{x) = x(3i2{0, X,l). 

In other words, it suffices to know the rotation coefficients Pij{0,x, 1). 

3 The tau-function 

We define the r-function by equation: 

'^ = '^^(v,y} = ± 0¥u. - %) = E 4.i^ . (3.1) 

in which we used f3ij = eij^uj^/iuj — ui). This tau-function is related as 

1 

to Dubrovin's isomonodromy tau-function r/ [0]. 

The identity /(logr) = 0, shows that r is a function of two variables, which again can 
be identified with t and h such that 

h = U2 — ui . (3-2) 

It follows from (|3.1|) that 

E (logriu)) = ^Tt {V^) = fi\ 

Making use of technical identities : 

dx 1 , _, dx 1 dx 1 2 



dui h ' du2 h ' du3 h 



one easily derives 



d _ x{x — 1)9 d d _ x d d d _ x d 

dui h dx O/i ' du2 hdx O/i ' du3 h dx ' 

from which 
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follows. Since £'(logr) = hdlogr/dh = ^"^ we see that logr(x, h) decomposes as 

logT(x,/i) = /x^log/i + logTo(x) 



(3.3) 



where tq is a function of x only. 

It follows from equations 12.91 and 13. II that 



d"^ log r 
duiduj 



-Pi, i^J- 



which translates to a following parametrization of cjj's in terms of a single isomonodromic 
tau function : 



d 



d 



d 



u^i = X (x - 1) (— ^ ln(ro)(x)) + (2x - 1) (— ln(To)(x)) = — 



'' dx^ 



dx 



dx 



x(x- 1)-— ln(ro)(x) 
ax 



d 



d 



CUo 



x' (x - 1) {—, ln(ro)(x)) - x' (— ln(ro)(x)) - ^ 



' dx^ 
' dx"^ 



dx 



dx 



(x- 1)-— ln(To)(x) 
ax 



^\ 



^\=^(.x- 1)' (:^ ln(ro)(x)) + (x - If (^ ln(ro)(x)) = (x - 1)^ A 



d 
' dx 



^^ln(ro)(x) 



(3.4) 



One verifies that indeed ujf+uj2 + 



UJ^ 



-M 



^. Moreover, 



din To 
dx 



wf 



u;5 

-I i-. 

x(l — x) X 



4 The CKP hierarchy 

The symplectic Kadomtsev-Petviashvili or CKP hierarchy [3] can be obtained as a reduc- 
tion of the KP hierarchy, 

^L=[(L")+,L], ioi L = L{t,d) = d + 6~^\t)d-^ + 6-^\t)d-^ + ■■■ , (4.1) 

otn 

where x = ii and <9 = ^j by assuming the extra condition 



L* 



-L. 



(4.2) 



By taking the adjoint, i.e., * of 1)4. 1() . one sees that ^— = for n even. Date, Jimbo, 
Kashiwara and Miwa |5], ^H] construct such L's from certain special KP wave functions 
'4>{t,z) = P{t,z)e^i^*^'' (recall L{t,d) = P{t,d)dP{t,d)~^), where one then puts all even 
times tn equal to 0. Recall that a KP wave function satisfies 



Lip{t, z) = zip{t, z) 



di^it,z) 

dtn 



{L^)+^{t,z), 



and 



(4.3) 
(4.4) 



Resz tp{t, z)ip* (s, z) = 0. 
The special wave functions which lead to an L that has condition ()4.2|) satisfy 

ip*{t,z) =7p{i,-z), where tj = (-)*+Hi. (4.5) 
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We call such a '0 a CKP wave function. Note that this implies that L{t,d)* = —L{t,d) 
and that 

Resz ipit, z)ip{s, —z) = 0. 

One can put all even times equal to 0, but we will not do that here. 

The CKP wave functions correspond to very special points in the Sato Grassmannian, 
which consists of all linear spaces 

W (1H+®H^= C[z\ © z-^C[[z~% 

such that the projection on Hj^ has finite index. Namely, W corresponds to a CKP wave 
function if the index is and for any f{z),g{z) G W one has ReSz f{z)g{—z) = 0. The 
corresponding CKP tau functions satisfy r(t) = T{t). 

We will now generalize this to the multi-component case and show that a CKP re- 
duction of the multi-component KP hierarchy gives the Darboux-Egoroff system. The n 
component KP hierarchy [1], [^ consists of the equations in t^- , 1 < i < n, j = 1,2, . . . 

^ -L= [(L^-C,)+ , L], -^Ck = [{Ua)+ , Ck], (4.6) 



for the commuting n x n-matrix pseudo-differential operators, L, d, i = 1,2, ... n, with 
Y2iCi = I of the form 

L = a + L(-i)5-i+L(-2)5-2 + ... , Ci = E,i + ct^^d-^ + ct^^d'^ + --- , (4.7) 

1 < i < n, where x = ti +t\ +■ ■ ■ + 1^" . The corresponding wave function has the form 

(n oo 
Yl Yl ^^^^ii I ' where P{t, z) = I + P^-^\t)z-^ + 

and satisfies 

L^{t,z) = z^{t,z), C^^{t,z) = ^{t,z)Eu, ^^%^ = (L^'a)+*(i,z) (4.8) 

dtf 

and 

Resz^{t,z)^*{s,z)'^ = 0. 

From this we deduce that L = P{t, d)dP{t, dy^ and Q = P{t, d)EiiP{t, dy^. Using this, 
the simplest equations in 1)4. 8|) are 

^^%^ = {zEu + Vi{t))^{t, z), (4.9) 

dty 

where Vi{t) = [B{t), En] and B{t) = P^^^'(t). In terms of the matrix coefficients Pij of B 
we obtain (|2.1j) for Ui = t^ . 

The Sato Grassmannian becomes vector valued, i.e., 

H+®H^ = {C[z\Y © z-HC[[z-^W. 
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The same restriction as in the l-component case (|4.5|) . viz., 

^{t, z) = ^*(t, -z), where t« = (-)"+H«. 

leads to L*{i) = -L{t), C*{i) = Ci{t) and 

Res^^{t,z)^{s,-zf = {), (4.10) 

which we call the multi-component CKP hierarchy. But more importantly, it also gives 
the restriction 

Pi,{t)=Pjiit). (4.11) 

Such CKP wave functions correspond to points W in the Grassmannian for which 

n 

Reszfiz)^g{-z) = Resz "^ fi{z)gi{-z) = 

for any f{z) = (/i(z), ^(z), . . . , fn{z)f, 9{z) = {gi{z),g2{z), ..., gn{z)f G W. 
If we finally assume that L = d, then ^, W also satisfy 



9^(i,z) _s^ d^{t ,z 



a^-E^^ = -^(*'-)' -^^^ (4-12) 



and thus Pij satisfies (j2.2|) for Ui = t\ . Now differentiating (|4.in|) n times to x for 
n = 0, 1, 2, . . . and applying H4.12() leads to 

^{t,z)^{i,-zf = I. 

These special points in the Grassmannian can all be constructed as follows j 21j . Let G{z) 
be an element in GLn{C[z, z~^]) that satisfies 

G{z)G{-zf = I, (4.13) 

then VK = G{z)H^. Clearly, any two f{z),g{z) G VF can be written as /(z) = G{z)a{z), g{z) 
G{z)b{z) with a{z),b{z) £ H+, then zf{z) = zG{z)a{z) = G{z)za{z) £ W, since za{z) £ 
H^. Moreover, 

Res, f{zfg{-z) = Res, a{zfG{zfG{-z)b{-z) = Res, a{zfb{-z) = 0. 

We now take very special elements in this twisted loop group, i.e., elements that correspond 
to certain points of the Grassmannian that have a basis of homogeneous elements in z. 
Choose integers ^i < ^2 < ■ ■ ■ <^ ^n such that ^n+i-j = ~A*j- Then take G{z) of the form 

G{z) = N{z)S'^ = Nz'^'S~'^, where ^ = diag(/ii,/i2, • • • , /^n) 

and A^ = {nij)Kij<n a constant matrix that satisfies 

n 

N^N = Y,{-^r^E^,n+i~j (4.14) 



and 



m ^ 
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for n = 2m or n = 2m + 1. Then [2] 

^^ ' ^W -' dz ' 
from which one deduces that 

n CO „^ 

(i) (i) 

We next put t-=0 for all i and all j > 1 and Uj = t^ , then we obtain the situation 
of Section |2 

5 The case n=3 

We will now give an example of the previous construction, viz., the case that n = 3 and 
— /ii = /is = /i G N and fi2 = 0. Hence, the point of the Grassmannian is given by 

'z-^' \ 
N{z)H+ = A^ I 1 i/+. 
zf") 

More precise, let tij = {nu, n2i,n^i)^ and ei = (1,0, 0)"^, 62 = (0, 1, 0)"^ and 63 = (0, 0, 1)"^, 
then this point of the Grassmannian has as basis 

niz"'^, niz^^^, ..., niz~^,ni, ^2, riiz, n2Z, ..., ,niz'^~^, n2Z^~^ , 

exz^, e2Z^. 63^^, eiz^+\ eaz^'+i, •••. 

Using this one can calculate in a similar way as in |^ (using the boson-fermion corre- 
spondence or vertex operator constructions) the wave function: 

(n 00 \ 

^Y^ifz^^ii , where 
i=i j=i J 

and where 

3 l-t-l / 2/i fi 

f{t) = det^^ YnkiS^+i-j+i{t^''^)E3i+k,j + 'Ynk2Si-j+iit^''^)E3i+k,2i^i+3 j • 
fc=i j=o yi=i j=i 

The functions S'j(x) are the elementary Schur polynomials, defined by: 



YSj{x)z^ =6^^=^""^''. 



jei 



The tau function fij{t) is up to a multiplicative factor -1 equal to the above determinant 
where we replace the j'-th row by 

(nii5^_i(t«) ••• na5i(t») n,i ••• O) . 
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Then 



ft. W = ^^- (5.1) 



As we have seen in section |21 it suffices to calculate f3ij{t) only for t]^ ' = x, t^ = 1 
However we will not do that yet, we will take t^ = Sj, for j = 1,2,3, ..., t\ = 1 and all 
other ti'^' = and write Pij{s) for the resulting /?,-,•. In fact we will make this substitution in 

f{t) and fij{t). This might lead to f(s) = fij{s) = in such a way that I3ij{s) = %^ 7^ 0. 
However, as we shall see later, this will not happen. 

Since, we can multiply the columns of the matrices of fjj(s) and f{s) by a constant we 
can change the vectors ni = {nii,n2i,n^i)^ and n2 = (^12,7122, '1-32)"^- This will multiply 
f(s) by a scalar, but also Tij(s) by the same scalar, hence Pij{s) remains the same. In a 
similar way Pij{t) does not change if we permute the rows of f(s) and Tij{s) in the same 
way. We thus choose 

ni = [a,l,a) , n2 = [—a,0,a) , with a, a 7^ and a +a =—1. 

Then our new f{s) becomes: 

/i / 2iJ. 

f{s) = det ^ aEi^^+i - aEi^2^i+i + ^ S^+i-j{s)E^+ij + , . _ E2i_,+ij 

where we assume that k\ = 00 for k < 0. And fi2(s), fi3(s) and f32(s) is —1 times the 
same determinant, but now with the //+l-th, 2/i+l-th, /x+l-th row, respectively, replaced 

by 

(0 ••• a|0 ••• 0|0 ••• 0), (0 ••• a|0 ••• 0|0 ••• O), 

01^ 171^ ■■■ W.\^ ■■■ 0|0 ■■■ Oj, respectively. 

Next subtract a multiple of the 2fi + j-th column from the fi + j'-th column, then one sees 
that 



f(s) = det^ Ef,+i^^+i + ^Sf,+i-j{s)Eij - a^Si-j{s)Ei^^+j + ^ rTT^^^^/^+^-J I ' 

(5.2) 
and fi2(s), fi3(s), f32(s), respectively is the same determinant with the 1-th, /z + 1-th, 
1-th row replaced by, 

(0 ••• -a|0 ••• 0), (0 ••• -f|0 ••• 0), 



a 



01^1)1 "01^2)1 "0! I ••• Oj> respectively. 

Now multiply the matrix in (|5.2() from the left with the matrix 

^ (z-j)! '' 
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Then f(s) does not change and now becomes equal to 

f(s) = det^i?^+,,^+, + J] ((T2^^_,(5)) '^ ' ii^^„ (5.3) 

with 

^r(«) = E^5.-.(«)-a^ E ^^.-.(«) and(r,-(.))(-) = ^^. (5.4) 

Multiplying the determinant of the other fij{s) by the same matrix, one obtains that 
t'i2{s), fi3(s), T32(s), respectively is the same determinant with the 1-th, /x + 1-th, 1-th 
row replaced by, 



^, . -r (-ir-^ ... -1 



a / (-i)M (-i)M-i _i 



( (-1) _ 

(^ XH^^. (/.-2)! ••■ 0! 

— a(0 ••• l|0 ••• O), respectively. 



••• '' -V I^^^TTT 17^^2F ■■■ ^ 



••• 



f{s) ={-)'^^'^(tL-M,tI_^{s),--- ,ms)) , 



Now permuting the first /i rows of the matrix gives that 

n.(«) = - (-)^^«W (^T,Vi(.) + ^|^,T,V.(.) + %^ 



(5.5) 



f32(s) =(-)''^«w(r2';_i(s),T2^^_2(s),... ,r;_,i(.; 

where W stands for the Wronskian determinant: 

W{h{s), his), ..., Us)) = det (^^-^ 

Thus, by ()5.1|) we have an expression for Pij{s) and hence can calculate the uji{s)^s. Now 
put all Sj = for j > 1 and write x for si, then 

wfe_i(x),r2';_2(x),---,r;+i(x 

u;i(a;) = — a(l — x) -^ ; 

w(r2';_i(x),r2';_2(x),---,r^^(x) 

„wfe_,(x) + %p,r2';_2(x) + %#,•••, r;^,(x) + r,^(x),r;_,(x) 
w(r2';_i(x),r2^^_2(x),...,r^^(x) 

Wfe ,(x) + %l^,T2;_2(x) + %^,...,r;^,(x)+T,^. 
a;3(x) = — ax ^^ j 

(5.6) 
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satisfy the Euler top equations (|l.lljl . We will show later that X]i=i ^i{^) — ~/^^- 
Note, see ()5.5() . that f(s) and fjj(s) are Wronskians of functions wich satisfy 

dm _ dpfis) 

O — r^ p p — Z,, 0,'±, . . . . 

OSp os^ 

Hence they are l-component KP tau-functions. In the next sections we will show that these 
Wronskians can be obtained in the (l-coniponent) 2-vector 1-constrained CKP hierarchy. 

6 The 2-vector 1-constrained CKP hierarchy 

The Lax operator L of the (l-component) 2-vector 1-constrained CKP hierarchy can be 
written as (see 0) 

L = d + $i(t)5~^$i(t) + $2(t)9"^$2(i)> (6-1) 

where ^j{t) is an eigenfunction and <&^(t) = ^j{t) an adjoint eigenfunction, satisfying 

^^ = {L-h^,{t), -£-L = -{{L*r)+^]{t). (6.2) 

Recall that the Sato KP Grassmannian consists of all linear spaces 

W (lH+®H-= C[z\ © z-^C[[z-% 

such that the projection on Hj^ has finite index. We introduce a natural filtration on 
Grassmannian 

• • • C Hk+i C Hk C Hk-i C Hk-2 C • • • , 

consisting of the linear subspaces 

N 

Hk = {y^ajZ^\aj G C}. 

j=k 

On the space H we have a bilinear form, viz. if f{z) = ^ • ajZ^ and g{z) = ^ • bjZ^ are in 
H, then we define 

{f{z),g{z)) = ResJ{z)g{z) = ^ajb^j^i. (6.3) 

j 

Then the polynomial Sato Grassmannian Gr{H) consists of all linear subspaces oiWcH 
such that 

HkCW C Hi for certain k > i. (6.4) 

The space Gr{H) has a subdivision into different components: 

Gr^^\H) ={W e Gr{H)\Hk CW, j = k- dim{W/Hk)}. 

Clearly, the subspace Hf^ belongs to GA^'{H). The polynomial CKP Sato Grassman- 
nian consists of linear subspaces of Gr^^'{H) such that for any f{z),g{z) S W one has 
{f{z),g{—z)) = 0. To describe the spaces corresponding to the 2-vector 1-constrained 
CKP hierarchy, such W must also satisfy the following condition ^J, |12j . [Hj. There 
exists a subspace 

W' CW of codimension 2 such that zW' C W. (6.5) 
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We assume that there is no larger subspace W' with zW' C W. Let i^wi^^ z) be the wave 
function corresponding to such W, then the ^j{t) can be constructed as follows. Let 

zW + W = W® Czfi{z) © Czf2{z) 

with fi{z) £ W. Choose two independent elements hi{z) £ Cfi{z) © Cf2{z) such that 

{hi{z),zh2{-z) = {h2{z),zhi{-z)) = 0, 

then up to a scalar constant Cj one has 

^j[t) = Cj {i:w{t,z),zhj{-z)) . 

7 Backlund— Darboux transformations 

In the next section we will define subspaces W that are related to the tau-functions f{s) 
of Section [3 Since Backlund-Darboux transformations will play an important role in our 
construction, we will describe the elementary ones first. For W G Gr{H), let W be the 
orthocomplement of W in H w.r.t. the bilinear form 1)6. 3|1 . Then, W-^ also belongs to 
Gr{H). 

For each W G Gr{H) we denote the wave function corresponding to W by ipw- The 
dual wave function of tpw^ which we denote by ip^ can be characterized as follows |26) . 

m-- 

Proposition 7.1 Let W and W be two subpaces in Gr{H). Then W is the space W* 
corresponding to the dual wave function, if and only if W = W with W the orthocom- 
plement ofW w.r.t. the bilinear form i6.'^) on H. Moreover 

{'4}w{t,z),il)'{^{s,z)) = 0. 

Let W £ Gr^^\H) then 

i;w{t,z) = Pw{t,d)e^T=ih^\ rw{t,z) = P;^\t,d)e-^T^-'^'\ 

where Pw{t,d) is an k order pseudo-differential operator. The corresponding KP Lax 
operator Lw is equal to 

Lw{t,d) = Pw{t,d)dP^\t,d). (7.1) 

From now on we will use the notation ip\\r and Liy whenever we want to emphasize its 
dependence on a point W of the Sato Grassmannian Gr{H). 

Eigenfunctions $(t) and adjoint eigenfunctions ^(t) of the KP Lax operator, satisfy 
(|6.2|) and can be expressed in wave and adjoint wave functions, viz. there exist functions 
f,g £ H such that 

^t) = {i^w{t,z),f{z)), ^it) = {rwit,z),g{z)). (7.2) 

Such (adjoint) eigenfunctions induce elementary Backlund-Darboux transformations |1UJ . 
Assume that we have the following data W G GA^'{H), W-^, ipw{t, z) and V'|V(^' -^)' then 
the (adjoint) eigenfunctions ()7.2() induce new KP wave functions: 

i,w'{t, z) = {^{t)d^{t)-^) i,w{t, z), rw'it, z) = {^{t)d^{t)-y^^ v^(t, z), 

^w"{t,z) = {-^{t)d^{t)-y-^i,w{t,z), rw"it,z) = {-^{t)d^{tr^)rw{t,z), 

(7.3) 
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and new tau-functions 

Tw'{t) = $(t)r^(t), Tw"{t) = ^{t)Tw{t), (7.4) 

where 

W' = {weW\{w{z),f{z)) =0} GGr(^+^)(i7), W'^ = W^ +Cf, 
W" = W + CgeGr^''-^\H), W"^ = {w e W^\{w{z),g{z)) = 0}. 

Now applying n consecutive elementary Backlund-Darboux transformations such that one 
obtains 

W' = {weW\{w{z),fi{z)) = 0, i = l,2,...,n} 

from W, then (see jlOj ) 

Tw'{t) = Ty($i(t), $2(i), . . . , ^nit))Tw{t), 

where one has to take derivatives w.r.t. x and where 

^j{t) = {i;w{t,z),fj{z)) 

and 

^W'{t, z) = —^W ($i(t), $2(t), . . . , $„(t), ^w-(t, z)) . (7.6) 

8 Subspaces W^ 

In this section we wih construct Subspaces W^ in the 2- vector 1-constrained CKP hierarchy 
related to the solutions of SectionElof the time-dependent Euler top equations. Let a G C 
with a 7^ 0, =bi be the parameter of Section|SJ Define b = — a^, then 6 / 0, 1 and introduce 

ro{z) = be\ (8.1) 

Unfortunately ro(z) is not an element of H . However, since we always assume that Hk C 
W for k >> 0, we will write e^ and will mean in fact Y2j=o T ''^i^h N > 2k >> 0. Having 
this in mind, we define for i = 1,2,- ■ ■ the elements. 

r,{z) = z-^lbe^ + il-b)Y,^\. (8.2) 

Note that 

rm(^) = ^-'(r.(^) + ^) (8.3) 

and a straightforward calculation shows: 

Lemma 8.1 For i,j > 

(r,(z),r,(-z))=0. 
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Now define for ^u = 1, 2, • • • , the point W^ G Gr{H) 

W^ = linear span{ri{z),r2{z), . . . ,r^(z)} i^^. (8.4) 

From now on we will assume that /i can also be 0, then Wq = Hq. From the definition 
(|8.2)) of the functions ri(z) it is clear that 



(f{z),rii-z)) = ifiz),gi-z))=0 ioi all fiz),giz) e H^, < i < /i. 
From Lemma Is. II it is then clear that W^ satisfies the CKP condition, to be more precise 
Proposition 8.1 W^ G Gr^^\H) satisfies the CKP condition and 

W^ = {f{z) G H^^\ {f{z),ri{-z)) = 0, /or 1 < i < ^}. 

Next define the subspace U^ C W^ of codimension 2 for // > 2, of codimension 1 if /i = 1 
and of codimension if ^ = by 

U^ = {f{z) G W^\ {f{z), 1) = {f{z),ro{-z)) = 0}. (8.5) 

Now let g{z) G U^, then zg{z) G ff„^+i and (2(7(2;), rj(—z)) = for all 1 < j < //. 
This follows from the following observation: 

{zg{z),rj{-z)) = {g{z),zrj{-z)) = (g{z),-rj^i{-z)-———j =0, 

for j = 1,2, . . . , fi, since ^(z) is perpendicular to 1, ri{—z) for < i < /i. Hence, W^ has 
a subspace W' of codimension 2 such that zW' C W^, hence 

Proposition 8.2 VF^ mi/i /x > 1 a/so belongs to the 2-vector 1-constrained KP hierarchy. 

Note that Wi belongs to the 1-vector 1-constrained KP. From Proposition 18. II and Section 
|7|it is clear that VF^ can be obtained from H^^ G Gr^^^'{H) by fi consecutive elementary 
Backlund-Darboux transformations. Now th_^ = 1 and ipH-fj,{t,z) = z~^'ipo{t,z) where 
ip(}{t,z) = eSSo*«^\ Let Tf,{t) = Tw^{t) and i^^,{t,z) = ^H/^(t,z), then 

T^it) = W {R>^{t), R^it), ..., R^^it)) , (8.6) 

where 

Rf{t) ■.={z-''Mt,z),ri{-z)) = {Mt,z),z->'ri{-z)) 

'-^ (-l)'^'-« ^'^'^^ (-1)^-* (^•'^) 

^Yl — ki — S^+i-k~i{t)+b Y^ — - — 5^+i_fe_i(t). 

fc=0 ■ k=i 

Here Sk{t) are the elementary Schur functions. The corresponding wave function is given 
by 

Mt, z) = -\w {{R^{t),Rt^{t), ..., R^^{t), z-^'Mt, z)) . (8.8) 



Note that 



<W = (-)XViW' with6 = -a2, 
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Hence 

)j(fi+i) 

Tf^is) = (-) 2 f{s). 

In order to describe the other tau- functions of Sectional we want to find the right expres- 
sion for the Lax operator L = L^ = L^^. For this we study W^ and zWfj^. Recall from 
(jH31) that 

W^ = linear span{ri(2;),r2(z), . . . ,r^(2)} H^, 

and 

W^ = linear span{ri(-z),r2(-z), . . . ,r^(-2;)} ® H^, 

hence 

zW^ =linear span{zri{z), zr2{z), . . . ,2;r^(z)} ® H^+i, 

(zW^)^ =linear span{z"Vi(-z), z"V2(-z), . . . ,z~^r^{-z)} ® H^^i. 

From now on we assume in this section that fi > 1. In that case it is straightforward to 
check that 

zWi, + Wf, = Wf,® Czri{z) e Czr2{z). 

Putting 

hi{z) = ri{z) - r2{z) and h2{z) = r2{z), (8.9) 

one easily verifies that 

(/ll(z), Zh2{-Z)) = {h2iz),zhli-z)) = {hi{-z),zh2iz)) = (/l2(-^), zhi{z)) = 0. (8.10) 

Using the construction of the Lax operator as in Section El we see that 

2 

^M =d + ^Ci{ij^{t, z), zhi{-z))d'^ {'il^*^{t, z), zhi{z)) 



i=l 
2 



^.111 



--d + ^Ci{i)^{t,z),zhi{-z))d ^{'4}^{t,z),zhi{-z)). 



i=l 

We want to determine the Cj's, for this we let L^j act on tp^, this gives 

2 

dx 



z^pf,{t, z) = — ^ \- ^ Ci{^/jf,{t, z), zhi{-z))d ^{'ilJ*^{t, z), zhi{z))tp^{t, z) 



dib ft z) ^ 

= — ^ y- X] '^'«(V'm(*' ^)' zhi{-z)){il}^{t, z), zhi{-z))ipw^+Czh,(z)it, z). 

i=l 

(8.12) 
Now take the bilinear form with the elements hj{—z). Since (|8.1U|) holds, and hi{—z) 
(resp. h2{—z)) is perpendicular to VF^ and W^ + Czh2{z) (resp. Wn + Czhi{z)) we obtain 

(V'/x(t, z),zhi{-z)) = Ci{iljf,{t, z),zhi{-z)){tpf,{i, z), zhi{-z)){'iljw^+czh,(z){t, z), hi{-z)). 

Hence 

Ci = {{il^i,{i,z),zhi{-z)){iJw^,+Czh,{z){t,z),hi{-z))y . (8.13) 
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We are now going to determine these q's. Note that 

zhi{z) = ro{z) — ri{z) and zh2{z) = 1 — b + ri{z). (8-14) 

Using this we see that 

W^ + Czhi{z) =Unear span{ro(z),ri(z), . . . r^(z)} + H^, 
W^ + Czh2{z) =Hnear span{l,ri{z),r2{z), . . . r^(z)} + ff^. 
The fact that 
{ro{z),ri{-z)) = -b, (ro(z),rj(-z)) = and {l,rj{-z)) = -— — ■ for i > 1, j > 1, 

gives the following, more convenient description of W^ + Czhi{z) and W^ + Czh2{z): 
W^ + Czhiiz) ={f{z) G H.^\ (/(z),r,(-z)) = for i = 2,3, . . . ,;u}, 

W^ + Czh2iz) ={fiz) G H^^\ (f{z), n+ii-z) - ^^^Y^) = for i = 1, 2, . . . , ^ - 1}. 

(8.15) 
Thus, 

Tw^+Czh,{z)it) =det {{tpoit, z), z'-^'-^rj+ii-z))) ^^..^^_^ 

=wmit),R[;it),...,R^^it)), 

rw,+C.H,(.){t) =det ((vo(t,^),/-'^-' fr,+i(-z) - '-^^~^\]] (8-16) 

V V V 3 J J J i<i,j<n-i 

and the corresponding wave functions are equal to: 

i^w,+czh,iz)it, z) = i -W (VF(i?^(t), i?^(t), . . . , R';,{t),z-^^Mt, z)) . (8.17) 

TW^+Czhi{z)[t) 

and 

1 

'4'Wf,+Czh2{z){'t, z) 



TW^+Czh2{z){'t) 

(8.18) 
2 '•••'^/^^^^ ^_-^ 



W I Ri^{t)-R^,it),R^,{t) - -^,...,R^^it) - ^^,z-'^Mt,z) 1 . 



From this we deduce that 



{'4'W^+Czh^iz){t,z),hi{-z)) = {'4'w^+Czhi{z){t, z),ri{-z)) = {-Y ^ 



^Wf,+Czhiiz){t)' 



T (t) 

{'4^W^,+Czh2iz){t, z),h2{-z)) = {tpw^,+Czh2(z){t, z),r2{-z)) = (-)^~^ '' 



'rWf,+Czh2iz){t) 

(8.19) 
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For the other eigenfunctions we find, using (|<S.14|) : 

xu+lT^y/(t) 



{ilj^{i,z),zhi{-z)) = (- 
{i,^{i,z),zh2{-z)) = (6-1) 



Tw" (t) 



L20) 



where 

W ={f{z) G /7_^| (/(z), ri(-z)) = for i = 0, 1, . . . ,//}, 

VF" ={/(z) e i/_^| ifiz), 1) = and {f{z),n{-z)) = iov i = 1,2, . . . , fi} 

and 

r^y,(t) =VF {R^it), <(t), i?^(t), . . .,R^^{t)) , 

rw„{t) =W {R^{t), Ri^it), ..., R^^it), 5^_i(t)) . 
Now combining ^KWi . ^KTHii and ^J^, we find that 



Ul] 



L22) 



ci 



TW'ii)Tait) Tw'{i) 



Tw"{i)TfM{i) Tw"{i) 



.23) 



since T^{i) = T^{t). Since these Cj's are just constants, it suffices to substitute t = 0, i.e. 
tj = for ah j = 1, 2, 3, . . ., in ^KT^ . this gives 

'^1 " ^= — 7fr\ ' c2 = [-r (0-1) — — . (8.24J 



We now calculate these tau-functions for t = 0: 



Tiy^+c^hi{^)(0) =det((/ ^ \rj+i{-z)))^ 



:det 



K-)"^ 6/^-1 det f , ^ -") 

^ ' \{f^ + j-i + iy.J 



L25) 



i<',i</i-i 



=(-)'^fe'^~'4+W,...,M+i(l'0-0'---), 
where (see j23] 

'S'Ai,A2,...,Afe (*1) ^2, *3, • • •) = det (5A,+j-i(tl, t2, is, • • ■))l<ij<k ' 

the Schur function corresponding to the partition Ai, A2, . . . , Xk- Here Si{ti,t2, is, . . .) is 
the elementary Schur function. In a similar way one shows that 

rw'{0)=det{{z^-^-\r,.,i-z)))^^^^^^^^^ 

(8.26) 

=(-)^+^6-4-\^)_,...,,_,(l,0,0,...) 
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and 



Tw"{0) =det 



/ iz-^^,ni-z)) 
iz^-^',r^i-z)) 



(z-^r^(-z)) (z-^l) \ 
{z^-'',r^{-z)) {z^-'',!) 



V (ri(-z),l) ••• M-z),l) (1,1) / 



=(-)^^-^^S.....-i(M,o,...). 



And finally the most complicated one: 

rw^+Czh,{z){0) =det f U^-^'^S \rj+i{-z) 



:det 



_ ^j(-^) 

J / / / i<j,i<At-i 



(^ + J - i + 1)! {n + 3- ^)b7 i<ij<^-i 



(m-1)(m+2) 1 , / ^1-i + l 

--{-) 2 6'' Met ' 



(m-1)(m+2) 



(-) ^ //6^~Met 



(/i + i-i + l)!i 



(Ai + j-i + 1)! 



l<ij<M-l 



1<«J<M-1 



=(-)^-^^;.6-^5(-:),,...,,,,(l,0,0,...). 



We conclude from all this that 

ci = -5 7 , C — ^-^^^^^ , C2 = (o-l) u- .s 

Now using the fact that 



-^yi ^ ^Ji+l,^Ji+l,...,^l+lO-•^■^^■• ■ ■ ■) 



ntzlm' 



^fi+i,^i+i,...,ii+i\^^ 0, 0, . . .) — 5'^_i,^_i,...,^_i(l, 0, 0, . . .) — ^-2^-1 ., ' 



s 



(p) 



^1(1,0,0,...)=;^' 






we obtain 



ci = — - and C2 



.27) 



.28) 



.29) 



6-1 



(8.30) 



So finally 



L^=a-6"^(V^(t,z),z/ii(-z))a"^(V^(t,z),z/ii(-z))+ 

(6-i)-^(^^(t,z),^/i2(-z))a-^(V'^(t,z),z/i2(-^)) 

=d + {^^{t, z), {-y+^,/^e-')d~\Mi, z), (-)^+iy^e-^)+ 
(i;^{t, z), Vb^) d-^ (V^(t, z), Vfe^l) . 



.311 
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We have added the term {—)'^~^^ here, in order to get rid of this term later on in this 
section. Note that (see (|H^ ) 

V-b 'Tfiit) 

1 W{R^{t),R't{t),Ri^{t),...,Rll{t)) 
V^b WiR>t{t),Ri^it),...,Rllit)) ' 

V^^'^'^ ; ^ T^it) ^ W{R'l{t),Ri^{t),...,R^^{t)) 

Using (JH2S1), (|Hm|) and (pOn|l we find that also 



i'^ti{t,z),{- 



^M+l, 



{i;,{i,z),Vb^) ={-r-'Vb^ 



-be- 



_r-^ W{Rf^{t),R^{t),...,Rll{t)) 
W{R't{t),Ri^{t),...,Rll{t)y 

TW^+Czh2iz)it) 



Mt) 



We thus obtain in this way that 



W[Ri^{t)-R'l{t),Ri;{t) 



2 ' 



,R',it)-%^ 



WiR'^it),Ri^{t),...,R>;,{t)) 



Puis) = (tpfiis, z),Vb- Ij with a = Vb-1 



and 



P32{s) = (Vm(s, z), (-)^+i V^e-^) with a 



)M+i^Z5. 



To obtain /3i3(s), we calculate the so-called squared eigenfunction potential 
of {iP^ii,z),Vb^n:) and (V'^(t, z), (-)^+i^/^e-^). Let 



M-i 



■u;(2;) = 6iri (-z) + ^ 6,j+i ( rj+i 



j=i 
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be an arbitrary element of M^^, then 

d-' {ij.ii, z), Vb^) {^,{t, z), i-r+^v^e-^) 

=d-' {i;^{i, z), Vb^) (Mt, z), {-r+^V^{e~^ + wiz))) 

= (^/.(i, z), Vb^ (V'^(t, z), Vb^^ "' d-^ (V^(t, z),Vb^ X 

[i^^it,z),i-r+'V^{e-^ + w{z))) 
i;^{i, z), Vb^) {i^w,+Czh,{z){t, z), {-r+^V^{e-' + w{z))) 

Using (jHHSl) and (^0171) we find that 

d-' [Mi,z),Vb^) (^,(t,z),(-r^^^e-^) = -y^I^, (8.32) 

where 

rw"'{t) = W Ut^it) - ^,Rm - &l,...,R^^{t) - ^^!^,Ri;(t) + bb,R^,{t)\ . 

(8.33) 
Now comparing ((SHJ), ((^ . (|0^ and (|OS)) we see that 

6i =0. 

For this bi = 0, the tau-function t\y"i corresponds to the following point in the Grassman- 
nian: 

W" = {fiz) e H^^\ {f{z)M-z)) = Oand (f{z),n{-z) - ^^yz^) = for f = 2, 3 . . . ,;u}. 

(8.34) 
Hence, using the fact that a = \/6 — 1 and a = (— )^^"'^v^ one finds that 

Pn{s) = d-^ (^^(5,z), V6^T) {^^{s,z),{-Y+^./^be-^). 

We now calculate the squared eigenfunction potential in a different way. Let 

w{z) = ^ajrj(-z) + y^^ajz^ , 
4=1 j>^l 

be an arbitrary element of W^, a straightforward calculation shows that 
9-i(V^^(t»,(-)^+iV^e-^)(^^(t,z),V^^T) 

=5-i(V';.(t, z), {-Y+^^^be-') (^^(t, z), ^/6^(l + w{z))) 

={i>f,{i,z),{-r+^^/^e-') (^V'H/,+c.hi(.)(i,^), V6^T(l + airi(-z))) . 
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Using (JHI2S1) and ffP^ we find that 

V J \ -b Ti,{t)Tw^+Czhi{z){t) 

(8.35) 

where 

rH.™(i) = W^ (^2(i)> ^3 W' • • -^R^^it), Vi W + ai^i (0) • (8.36) 

This is the tau-function corresponding to the following point of the Grassmannian 

W"" = {/(z) G H^^\ (/(z),l +airi(-z)) = and (/(z),ri(-z)) = for i = 2,3 . . . ,//}. 

(8.37) 
Hence 

a-^(V;.(t»,(-)'^+^V=6e-^)(V^(t,z),V6^T) 

It is not clear yet what the value of ai one should take. 

We now put all ij = for i > 1, and write f{x) for f{x, 0, 0, . . .). Comparing (|8.32p 
and (|8.35|) . we see that 

bTw""{x) = Tw"{x). (8.39) 

To calculate ai we substitute x = 0. We find that 

: det ' ^ ^ 



.(_)^^^5'^mS(1.„^(1,0,0,...) 



In a similar way we find that T]^"'{0) = t^{0) and that 

Tw""{0) = {-)^{b>^-' - (-)/^ai6^)^iigi^. (8.41) 

lli=i ^• 

Comparing all the results (|8.39I8.41|) we conclude that 

oi = 0. 
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Since we know that ^j=i'^f(a;) is equal to a constant, it suffices to calculate this value 
for X = 0. We find that 

MO) =/33.(0) = ^^ 

^b (-)-^6.5g,...„(l,0,0,...) 
1 



UJ2 



(0)=-/3i3(0) = -V-6(^-l) 



Tvi/"" (0) 






^ 6-1 



c^3(0) = 0/3i2(0) = 0. 



Hence, 



and 



j=i 



2 



E-'(o) = bz^H + V^rH =-^ 



1 V I Ib-l , 2 



^a;2(^)^_^2^ (g42) 



i=l 



We next calculate R'^{x): 



'^ ' j^ k\ (/i + i-A:-l)! f:- k\ (/i + i-fe-1)! 

=(-)•'"-')""''' +(-)-'((,- 1) V ti*^ . 

' ' (M + i-l)! ' ' * 'jijjKM + i-J-l)! 
Combining all the previous results we find: 
Theorem 8.1 The expressions 

. , ±{x — I) IJ.LO1LO2UJ3 + XUjfLL!2 ~^ ^I'^'i 

{x — 1)'^UJ2^'^ + 2:^1^11^2 + ^I'^i 

and 

yy^) = -^^-. — 7. — —, — ^772 



aj| + |u2 _|_ x{ijj2 + fi"^)) + Axfi'^uf 
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for fj, = 1, 2, . . ., with 



u,[x)-V b[l ^V(i25'(x),i2^(x),...,ii;i(x))' 



r-M- 1 



_W[Ri^{x),Rt;{x),...,R^,{x),^ 
W{R'l{x),Rt^{x),...,R';,{x)) 



U2{x) = -V-6(6-l) \,,,^^, . „,,, 5M73^' (8-43) 



_ W {R>t{x),R''^{x),...,R';,{x),^ 



W \1XAX),K^\X] lXu\X),T^ 

W3(x) = yjh 



W{R>^{x),R>^{x),...,R>'^{x)) 
are rational solutions of the Painleve VI equation il.5\) for the parameters 

(a, 13,-/, 6) =( '"Y' Y' — 2 — ) ' '^especii?;e/2/ 

The LOi separately satisfy the time dependent Euler top equations \1.11]) . 

The above results are clearly valid for /i > 1. We will now treat the case /i = 1 separately. 
In that case Wi corresponds to the 1-vector 1-constrained KP hierarchy and 

Ti(t) = R\{t) = -Si{t) + 6So(t) = b-x. 

We use the same expressions for the (3ij [x) in terms of the Wronskian determinants as in 
the case /x > 1, viz., 

/?23(x) = -L=— ^, /3i2(rc) = V6^T-^, (3^^{x) = ^-h{h-l)-^. 
^J—bo — X b — X b — X 

This leads to the Wj's (fO^ for fi^ = 1. 

Remark 8.1 From the rational solutions i8.43{ ) for the time dependent Euler top equa- 
tions for the values /j, = 1,2,3,... one can recover the expression of the uji in the ui, 
i = 1,2, 3, hy just substituting: 

U2 — Ul 
X ^ 

Us -Ul 

in V{x), i.e., in all uJi{x). Using \2.t^) one finds expressions for the rotation coefficients 
Pij{u) that satisfy IF71)-IF1). 

Finally we give as an example the explicit a;j's for fi = 3: 



a;i(a;) : 


3V^(1 - x) (fe2 - %b^x + 18fea;2 + 106^x2 - 566x3 ^ yofex* - 566a;5 + lOx'' + ISfex^ - Sx'' + x^) 


b3 _ 9f,22. _,_ 36fe22,2 _ 8462a;3 + 366x4 + 90623.4 _ ggfoajS _ 36b2x5 + 84f,i:6 _ 3ef,2,7 _,_ 963,8 _ 2,9 


UJ2{X) : 


-3^-6(6 - 1) (fe2 - 186^2 + 526x''^ - eObx" + 24fex'' + lOx" - 12x''' + 3a;») 


fe3 - 962^ + 3662^2 - 8462^3 + 36fex4 + 90fe2x4 _ 906x5 _ 36623,5 j_ 8462,6 _ 3g6a;7 _,_ 963,8 _ 3,9 ' 
3V6 - Ix (362 _ i2b'^x + 1062x2 + 246x3 _ 606x4 + 526x5 _ ;^86x6 + x*) 



63 - 962x + 3662^2 - 8462^3 + 366x4 _|_ 90623,4 _ 906x6 _ 3662x5 + 846x6 _ 366x7 + 96338 _ 3,9 ' 
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